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I. INTRODUCTION

This discussion is concerned with reference systems associated with the
Goddard General Orbit Determination System and its use. The first section
deals in a general way with conventions, definitions, terminology and notation.
Additional details relating to these topics are contained in following sections.

Many of the conventions employed concerning definitions, terminology and
notation follow traditional usage as employed for example in Reference 1. Those
which pertain to the present material are reviewed briefly. Standard notational

practice is supplemented occasionally in order to facilitate the discussion.

II. REFERENCE SYSTEMS AND CONVENTIONS

A. Coordinate Systems

Coordinate systems associated with the Goddard General Orbit Determina-
tion System are referred to the fundamental coordinate systems which are based
upon the mean equator and equinox of the earth. A typical coordinate system of
this type is defined in the following way. The origin of the coordinate system is
defined to be at the center of mass of the earth. The fundamental plane of the
coordinate system is the earth's mean equatorial plane associated with a par-
ticular epoch which will be denoted by means of a symbol such as t, or tos tys

t,, * *+. The fundamental direction in this plane is that of the mean equinox

2 b
associated with this epoch., The coordinate system is inertially oriented, i.e.,

its reference directions are fixed with respect to the "fixed" stars. The co-

ordinate system is a right-handed, orthogonal one. It can be conveniently
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sf_fieciﬁed in terms of a triple of unit vectors. The symbols i(t), j(t), and k(t},
are frequently used for this purpose. Traditionally, the vector i(t), is in the
direction of the vernal mean equinox, the vector k(t), is in the direction of the
earth's north polar axis, and the vector j(t), is chosen so as to complete the
right-—haﬁded, orthogonal set. For convenience, in the following discussion, the
symbols u, (t), where i = 1, 2, 3, will be used in lieu of i(t), j(t), and k(t),
respectively. When the range of the index is not indicated in what follows, it
will be understood to be the same as in this case.

In order to facilitate the discussion, the following notational system will be
employed to indicate the principal characteristics of the coordinate system.

The origin will be indicated by means of a prefixed subscript. For example,

od; (t) , and qu, (t), 2-1)

will denote earth-centered and lunar-centered coordinate systems, respectively.
The fundamental plane and direction will be indicated by means of symbols fol-
lowing the index. The first symbol will denote the entity with which we as-
sociate the fundamental plane. Typical choices for this symbol are « and ¢. The
next symbol or symbols will denote the character of the fundamental plane and

direction, e.g. M for mean, T for true, etc. Thus, for example

oli oM (t) , and o2 T (), (2-2)




will denote earth-centered coordinate systems based upon the earth's mean
equator and equinox, and true equator and equinox, respectively.

If the fundamental plane and the fundamental direction have different char-
acters, two symbols will be used. The first will denote the fundamental plane,

and the second will denote the fundamental direction. Thus,

odiers (V) > (2-3)

will denote an earth-centered coordinate system based upon the earth's true

equator and a reference direction which will be referred to as the space equinox.

The precise nature of this coordinate system will be defined later in the discussion.
When the fundamental plane is the ecliptic, the symbol, C, will appear im-

mediately following the index. The next symbol will denote the entity with which

we associate the fundamental direction, and the symbol following it will denote

the character of that fundamental direction. Thus

o2icoM (t) (2"4)

denotes an earth-centered coordinate system based upon the ecliptic and the
earth's mean equinox, which is defined as the ascending node of the ecliptic on
the mean equator of the earth.

In the case of another entity, the fundamental direction will normally be de~
fined in analogous fashion, i.e., as the ascending node of the ecliptic on the

specified equator of the object of interest. The notation will also be analogous.




For example,

eYicer (V) (2-5)

denotes a lunar-centered coordinate system based upon the ecliptic and the as-
cending node of the ecliptic on the true equator of the moon.

It is helpful, in certain cases, to employ, also, an inertially oriented co-
ordinate system whose axes coincide, respectively, at the epoch, t, with those
of a set which are associated directly with a body such as the earth. Thus, for

example, the symbols

eiorg (V) » (2-6)

will denote an earth-centered coordinate system for which the reference plane
is the earth's true equator and the reference direction is on the Greenwich
meridian plane.

It is convenient, at times, to employ coordinate systems which are not
inertially oriented, but are rotating. Generally, in the following discussion,
sensible rotations can be thought of as occurring about an axis which is normal
to the fundamental plane of an appropriately chosen inertially oriented coordinate
system. In such cases, the fact that, relative to an inertially oriented coordinate
system, the coordinate systém of interest is rotating about the axis normal to its
fundamental plane will be indicated by enclosing the symbol for its reference

direction in parentheses. Thus,

Yot (V) 2-7)




denotes an earth-centered coordinate system which is rotating at the earth's
instantaneous rate of rotation about an axis normal to its fundamental plane,

which is the earth's true equatorial plane, and whose reference direction is that

of Greenwich.

Coordinate systems employed in following discussion will be inertially

oriented unless the contrary is indicated.
In order to simplify the notation, when the meaning is clear, symbols de-

noting the earth will be understood but not written. For example, the symbols

Ui (), and oieT (t) . (2-8)
will both denote the same coordinate system.

B. Vectors and Transformations

The components of a vector, v(t), referred to a coordinate system, u, (t),

can be specified by means of either the row matrix,

e, 6y u; (0] (2-9)
or the column matrix,
lu; () v, ] (2-10)
where, in each case,
i = 1,2,3, and 3 = 1.



Nb confusion will result if we write these, respectively, in the forms

¥, (6w, (O]

and

|u; (8) - v (0]

or, more simply, in the forms

vty “u, ()]

and

u; (8) - v,

respectively.,

(2-11)

(2-12)

(2-13)

(2-14)

These representations of a vector, v(t), in terms of its components with

respect to the coordinate system, u. (t), will, then, denote, respectively, the

following row and column matrices:

(v(t) *u; (t)  w(t) u,(t)  v(t) - uz(t)),

and

u, (t) *v(t)
u, (t) - v(t)
u, (t) - v(t)

(2-15)

(2-16)




The transformation which carries the representation of a vector from its
components relative to one inertially oriented coordinate system, e.g., u, (t,),
to its components relative to another inertially oriented coordinate system on

the same origin, u, (t,), say, is symbolized by the matrix

g (t5) - uy (&) (2-17)

which can be written in the expanded form,
Ez(tz)'gl (t,) u, (t,) "y, (t,) E2(t2)°93 (ty) |- (2-18)

Thus, one has, for example,

l; () o = Jlu; () uy (6)] Jlas (e) - weod]] - @-19)
We make the conventional definitions:
I = | 8ij ’ (2-20)

wherei, j = 1, 2, 3, and Sij is Kronecker's delta, and

Ei(t2).gj(t1)”I = Hll—j (t1)'91(t2)H . (2-21)

where i, j = 1, 2, 3.

We also note that such a linear transformation is orthogonal if and only if

HE,' (tz)' u; (H)H ng (t2)' Bi(H)HI =1, (2-22)

7



and

laj (e5) - uy (eI [lu; () us () = T (2-23)
Then
||9j (t) -y, (tl)“—l - “Hj (ts) - u; (tl)H’ : (2-24)
Consider the coordinate systems
odiorg (), and  Uioreq (£)

described in connection with (2-6) and (2-7). We specify the rotation of the

latter relative to the former by means of the vector
w, () (2-25)

which is on the instantaneous axis of rotation, its direction being related to the
instantaneous sense of rotation by the rule of the right-hand screw, and its
magnitude being equal to the instantaneous rate of rotation.

We represent this vector by writing, for example,

| eti ora (1) “2g (]| - (2-26)

We note also that

ze‘iieT(G) (t) 'fﬁg,(t)“ = Hegimc(t)-_a_)@(t)” . (2-27)




We note that, for a position vector, r(t),

leiore () " 2(0)|| = ot oz (1) " =(O)]) - (2-28)

We denote the time derivative of the vector, r(t), when it is referred to the

rotating coordinate system,

eYierc) (V) >

by writing
dr 4 (1)
—dr (2-292)
or, simply,
51@)(t) . (2-29b)
and
HeaEieT(G) (t) i(e) (t)H . (2-30)

Similarly, we denote the time derivative of a vector, r(t), when it is re-

ferred to an inertially oriented coordinate system such as

oUigre (t) »

by writing

AT (2-31a)




or, simply,
(t) . (2~31b)
and
H Hiere (V)7 j—(t)‘l ' (2-32)

We have

1l

leigra (+) " £C1)| | atiare (1) " Eay (O * [latiore (1) " [26 (£ x2(O)]]|

| ebiatay (1)~ Eo (O] * |letiare (t) * [24 (£) x£()]]]
(2-33)

where the latter relation follows in view of (2-27) and (2-28).

We consider next the case of two inertially oriented coordinate systems
which are oriented in the same way, i.e. whose coordinate axes are, respectively,
parallel to one another, but whose origins do not coincide. In order to make the

discussion specific, we select,

odier (1)

as one of the coordinate systems.
We represent the position vector of the center of mass of the moon, for

example, in this system by writing

e(t) , (2-34)

10




and

|| s 0r (8) " €(O)]| - (2-35)

We define, then, a coordinate system,

eMieT (t) - (2-36)
having its origin at the center of mass of the mocn and its coordinate directions
parallel, respectively, to those of

Mior (1) -

We denote a position vector referred to the coordinate system,

o%ier (t)
by writing
OR (2-37)
and
oo () ox(O)] - (2-38)

We define the corresponding position vector,

eX(t) (2-39)
which is represented by
| eior (8 @x(t)]| (2-40)

11



by means of the relation

lletier (8) " @2 = [leior (1) oZ()]| — {|ouior (£) " @(O)]| - (2-41)

We represent the time derivative of, ¢ (t), by writing

de(t) .
dt or ¢(t) , (2-42)
and
” odior (£)° i(t)” . (2-43)

We denote the time derivatives of _r(t) and ,r(t), respectively, by

oL(t) and  gi(t) (2-44)
and represent them, respectively, by writing

o or () oE(E)| (2-45)
and

leuior (£ E(O)| - (2-46)

The correction between these two vector representations is then specified by

[ebior (8) " Bl 7 [labior (1) " oE()| = [|obior (t) - &) - (2-47)

When transformations, such as rotational ones, are independent of the origin
and the meaning is clear, we will either omit the symbol denoting the origin or,

when it facilitates the discussion, write a general index symbol, v, denoting the

12




origin and indicate its range, e.g.,

”ijaaM (tz) ) X(U” - vajeM (tz)' Y om (tl)H “vg—iQM (t1) ’ Y-(t)“ 1(2-438)

where v = o, ¢. When the range of v is not indicated, this latter range will be

understood.

C. Time Systems

The Goddard General Orbit Determination System employs both the ephemeris
time system and the universal time system.

Definitions of these systems are contained in Reference 1. We employ these
definitions and, generally, utilize the notational conventions found in that discussion.
Supplements and other modifications to those conventions will be noted.

We will, for example, use the symbol,

Tgy (1) (2-49)

to denote the number of Julian centuries of 36525 days, each of 86,400 ephemeris
seconds, in the interval of ephemeris time from the fundamental epoch, 1900
January 0 at 12" ephemeris time = 1900 January 0.5 E.T. = J.E.D. 241 5020.0

. E.T., to the ephemeris time, t.

We will use the symbol,

Tyy (£) (2-50)

to denote the number of Julian centuries of 36525 days, each of 86,400 seconds

of universal time in the interval from the fundamental epoch, 1900 January 0 at

13



18h universal time = 1900 January 0.5 U.T. = J.D. 241 5020.0 U.T., to the
universal time, t.

The connection between E.T. and U.T. is written:

AT = E.T. - U.T. . (2-51)

Whenever it is appropriate, we make the interpretation

AT = E.T. - U.T. 2 . (2-52)

We will use the symbol,

Tg, () (2-53)

to denote the number of tropical centuries of 36524, 21988 ephemeris days, each
of 86,400 ephemeris seconds, in the interval of ephemeris time from the funda-
mental epoch, 1900.0 = 1900 January 09814 E.T. = J.E.D. 241 5020.314 E.T.,

to the ephemeris time, t.

We also write

Ty (tz_ t,) = Tgy (tz) = Tgy (tl) , (2-54)

Tyj (tz" tl) = Ty (tz) - Ty (tl) ’ (2-55)
and

Tg, (tz_ tl) = Tg, (tz) - Tg, (tl) . (2-56)

14




III. COORDINATE TRANSFORMATIONS

The next portion of the discussion is concerned with transformations.

A, Fundamental Reference Systems

A linear transformation of fundamental importance is the one relating co-
ordinates referred to the mean equator and equinox of an epoch, t 1 » to coordinates
referred to the mean equator and equinox of another epoch, t,, say.

We particularize our previous discussion by writing, for the case t St

ngn (t2) : X(t)“ - Hy—jn (tz) Ty (t1)H “Ein (tl) ’ X(t)H v (3-1)

in the manner of (2-14) and (2-16) through (2-19).

We write,
C0,1,2 - QO(tl’ t2)
= [2304:’250 +17396 Ty, (t, )] Te, (t, - t,)
+07302T2 (t, -t,) + 00018 TS (t,-t,) , (3-2)
Z,, = Z(ty 1)
= g g tOUTOITE (t,-t) . (3-3)
and
61,2 - G(tl’t2)

il

[2004:'682— 0/853Tg, (t, )] Te, (t,-t,)
- 01426 T2 (t,-t,) - 01042T3 (t,-t ), (3-4)

15



einploying the notation of (2-53) and (2-56). Then, in accordance with Refer-

ence 1,

u, (t,) u. (t,) = cosly, ,cos6, ,cosZ, , = sinl, ,sinZ; , , (3-5)
u,(t,) uy,(ty) = -sinly, ,co8 6, ,cosZ; ,mcosly,,sinZ; , . (3-6)
u,. (ty) us, (ty) = - sing; ,cosZ, , 3-7)
u, (t,) u,, (ty) 7 cosly,,cos6, ,sinZ, ,+sinfy, ,cos8Z;, . (3-8)
u, (t,) u,, (t,) = -sing,,,cos0 ,sinZ, ,+cosly,,c08Z,, . (39
u, (t,) u,, (t,) = -sin ,sinZ ,, (3-10)
ug (t,) vy, (ty) = cosly, ,sinf , (3-11)
ug, (t,) " u,, (ty) = —singy,sinfy, . (3-12)
ug, (t;) " s, (t,) 7 cosfy, - (3-13)

“Ejn (t;) v, (tl)” ' (3-14)

is orthogonal.
The transformation carrying coordinates referred to the mean equator and

equinox of an epoch, t, into coordinates referred to the true equator and equinox

16




of this epoch, is indicated as follows:
iz () w7 Jlupr () u O g, (- wo] . @-15)
in terms of (2-14) and (2-16) through (2-19). This transformation,

Jusy () uy, (0

where i, j = 1, 2, 3, is conventionally specified as follows;

1 - Ap(t)cos e(t) -~ AH(t)sine(t)
luip (£) ~uy, (0| = |+ &(t) cos e(t) 1 - Ne(t) ,
+ A(t)sin e(t) Ne(t) 1
(3-16)

in terms of the obliquity of the ecliptic, (t), the nutation in longitude, Aj(t),
and the nutation in obliquity, Ae(t). (cf. Reference 1 and (3-53) and (3-54).)
Terms of the second order are neglected in the transformation (3-16) which was
just specified. These amount to no more than a part in 108, This transforma-
tion is, accordingly, not orthogonal, strictly speaking. It is convenient, however,
to think of this transformation as being orthogonal to the first order, i.e., the
orthogonality relationships are satisfied to within quantities of the second order.

Thus, for example, while,

”ulT (t)- Jn(t)“ “u T(t) —3n<t)“ ’ (3-17)

where i, j =1, 2, 3, strictly speaking, we go on to write, in addition:

i (O u (O [Juir (O uy )] * 8, (3-18)

17



where i, j = 1, 2, 3, where, here, the symbol

< (3-19)
denotes the fact that the left and right hand members are equivalent to the first

order. Similarly,

-1 -1
. r (t)'Ejn(t)H = |—giT (t).y_jn(t)“ ’ (3-20)

where i, j = 1, 2, 3, ete. (cf. (2-20) through (2-24).) One can obtain

Clugr (8,) 2o (3-21)
from
Juir (€,) - (o) - (3-22)
where
t, <t

in the following conventional manner employing (3~1) through (3-16) and (3-20):

H—gjn(tl).!(t)” L]-iT (tl)‘g—jn (tl)”_l \

up (t) ol . ©G-23
lon (£2) 7 9Ol = Juen (£2) - w0 (€] 0,0 (£,) - 2O -2

HH{T (tz)'i(t)n - H‘—Jfﬂr (t2).-L—1-kn(t2)” ll-gkn (tz)'!(t)“ ) (3-25)

It is convenient to combine these three equations by writing

“‘—J/ﬂr (tz)'l(t)“ - H%T (t2)'9iT(t1)“ ‘EiT(tl)'X(t)H ’ (3-26)

18




where we have employed the product matrix

HE/CT (tz)'gir(tl)“ - “%T (tz)"ikn(tz)“

X X

1
(3-27)

up (ty)° Yia (t1)“

For t, <t,, we also have the relation (3-26) where, now,

u, (t,) Yin (t,)

“‘—’/ﬁr (tz) T (t1)“ - “PJ{CT (t2) "y, (tz)H

Ny (63) e ()7 % fluar (82) 7wy (6] 7 - 289

It is convenient for certain purposes to employ a coordinate system,

o%igors (1) (3-29)

which we define in terms of the following linear transformation,

He;‘iiers (t)- e‘ijer(t)l‘ - ‘EiTS (t>'9jT(t)“

cos [An[z(t) cos e(t)] sin [An,b(t)cos e(t)] 0
= |- sin [Ap(t) cos €(t)] cos [A\,b(t)cos e(t)] 0y - (3-30)
0 0 1
This earth-centered coordinate system can be thought of as being referred
to the earth's true equator and a reference direction which is associated with

the mean equinox and which will be referred to as the space mean equinox or

simply as the space equinox. Thus

|

H"TS(tl)'X(t)H - ”E.iTS (tl)'EiT(tl)Hx ’IEiT(tl)'X(t)“‘(3'31)

19




Also
|

Thus, for t, =t,,

Yir (t1)'¥(t)H - HBjTS(tl).—qiT(tl)H—l X HEst (tl)'l(t)H " (3-32)

”‘—’/ﬁrs (tz)'-‘i(t)“ - l%rs (t5) s (to)] x f|uirs (t1)'!(t)“ ©(3-33)

where, employing (3-26) and (3-30) through (3-32), we have:

HB{Ts(tz)'Ens (H)H - H‘:‘fﬁrs (tz)'EkT(tz)H ”‘—Jﬂ(tz)'—qn‘ (tl) x gi'rs(tl) it (tl)li-l )
But (3-34)
lors (O u O] = fuers (O w2 O] Jujz 0wy (0]
1 0 - Op(t)sin e(t)
= 0 1 - Ae(t) : (3-35)
Dp(t) sine(t) De(t) 1

in the sense of (3-19). This latter matrix represents the transformation from
the mean equator and equinox system to the true equator and space equinox
system with an accuracy equivalent to that which is associated with the con-
ventional matrix representation, (3~16), of the transformation from the mean

equator and equinox system to the true equator and equinox system. Also

lugrs (O w5y 0w O ugrs (63w, 0
1 0 Ap(t) sine(t)
: 0 1 De(t) ’ (3-36)
- AY(t)sin e(t) -De(t) 1

20




in the sense of (3-19). A discussion entirely analogous to the one following (3-35)

St

applies here. Hence we may write, for t, = t,,

H%TS (t2) H(t)H - H%Ts (ty) " uirs (tl)H ‘Eirs (t,)- X(t)H ' (3-37)

where, employing now (3-1) through (3-14), (3-35) and (3-36), we have:

HE/ETS (tz) " Yirs (tl)“ - II%TS (tz) "Yn (tz)”

X

* ‘lgk" (t;) Yia (t,) Yirs (t1) "Yin (t1)\l—l T (3-39)

In similar fashion, for t, <t , we have the relation (3-37), where now, employ-

ing (2-24), (3-1) through (3-14), (3-35) and (3-36), we write:

H-‘%Ts (tz) " Yirs (tl)” - H‘—‘/ﬂrs (tz) "Yn (tz)H

g (62) 7 men () s (6 - uyn ()] 7 -39)

B. Earth-fixed Coordinate Systems

The position of the earth, relative to the coordinate system, u, .. (t), say,
can be obtained in terms of the following discussion.

Let t, (t) denote the latest epoch which is not subsequent to t, and for
which the universal time is OP.

Let

Ryouo [to (t)] = 6" 38455836 + 86 401845542 T, [t, ()]

+ 080920 T2 [t, (t)] - (3-40)

21



Lgt

‘5
-

Ryoy () = Ryawo [to ()] + {1.00273 7909265 + 0.589 Ty ; [t, (t)] x 10‘10}

< [t-ty ()] . (641

The effect of increasing

TUJ [tO (t)]

in the last relation by

1
3 [t ],

say, is entirely inappreciable.

In the Equation (3-41) which defines Ry (t), we will, unless otherwise
specified, reckon the argument, t, in terms of universal time using the measure
U.T.1. I, for example, R 6mo [to (t )), and [t “t, (t)] , are expressed in terms
of days of time, then Rygu (1) can be thought of as being expressed in terms of
revolutions of right ascension in Equation (3-41).

Here, one day is equivalent to 24 hours, or 1440 minutes or 86,400 seconds,
and one revolution is equivalent to 27 radians or 360 degrees.

We employ, then, the following transformation to express the relationship

between the coordinate systems, ju. .. (t), and o%jors (t)s

lurs (- v = Juyre (0 ure (O] Juire (0 vl (320

22



wherei, j = 1, 2, 3, and

cos Ryq, (1) - sinRy . (1) 0
“‘—"—jrs (t)- giTG(t)“ = sinRyq, (1) cos Ryqy (V) oy (3-43)
0 0 1

and the intermediate argument is given by the relation (3-41).

The magnitude of the vector, w_ (t), i.e., the earth's rate of rotation can be

expressed as follows

Wy (1) 7 Jegy (O]

1.00273 78119.06 (3-44)

revolutions per mean solar day of mean solar time where here we identify mean
solar time with universal time (U.T.1) and the symbol U in the expressions

wey (1) and wg,; (t) denotes the fact that these quantities are referred to the
universal time system.

We also write

W () = legg (1)

1.00273 78119.06
d(t) (3-45)

revolutions per ephemeris second, where d(t) denotes the number of ephemeris
seconds in the mean solar day at the epoch t. The quantities w_; (t), and

wep (t) are thus referred to the ephemeris time system. Where no confusion

23



will result, we will denote them simply by

wg () and g (t) , (3-46)

respectively.
It is convenient to express the denominator in the right-hand member of

(3-45) in the following way:

d(t) = 86,400 [1+s(t)] . (3-47)

The function, s(t), has, at times, been of the order of

150 x 10710 |

Seasonal fluctuations in U.T. 1 were calculated in advance for the years 1956 to

1960 by means of the formula

+ 05022 sin27 t - 05017 cos 27t
- 05007 sin4m t + 05006 cos 47t (3-48)

where t denotes the fraction of the year reckoned from January 1.

The variations in s(t) associated with this formula are, at times, only half
an order of magnitude smaller than the value cited above for s(t). These
quantities result in velocity corrections which are a couple of orders of mag-
nitude smaller than a millimeter per second. Accordingly, for the moment,

they are negligible.
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C. An Ecliptic Reference System

We define an ecliptic coordinate system,

Yicom (t) (3-49)

as follows in terms of the coordinate system, u, oy (£)s Which is discussed in

connection with (2-2), (2-8), and (3-1) through (3-14):

Yiceon (B) 7 Uy (t), (3-50)
Uscen (E) 7 7 sine(t)u, . (t) + cos e(t)u, . (t) , (3-51)
Upcom (8) 7 Uaean (1) X Uyegy (1) - (3-52)

Here €(t), the obliquity of the ecliptic, is given by,

€(t) = 23°27'08726 - 467845 T, (t)
- 070059 T2, (t) + 0700181 T2, (t) , (3-53)
in terms of the quantity (2-53).
This quantity, €(t), provides the measure of the angle between the ecliptic
and the earth's mean equator at the epoch t. When it is appropriate, this quantity
may be written as €y (1) and referred to as the mean obliquity. The symbol

€ (t), will denote the true obliquity which is defined analogously in terms of

the earth's true equator. Thus,

€1 (t) = €,(t) + Ae(t) . (3-54)
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D. Lunar Coordinate Systems

A lunar oriented coordinate system, odiey (1), is defined in terms of the
following discussion.

Let

e(t) = 270°26'02Y99 + 13367 307°52’ 59.31 TEJ (t)

- 4708 TE2J (t) + 070068 TE3I (t) ,  (3-55)
and

Qg (t) = 259°10' 59'79 - 57 134° 08' 31723 Ty (t)

+ 7U48 T (t) + 07008 T (t) . (3-56)

in terms of the quantity (2-49).

Here ¢(t) denotes the mean longitude of the moon, measured in the ecliptic
from the mean equinox of epoch t t6 the mean ascending node of the lunar orbit,
and then along the orbit, and (), (t) denotes the longitude of the mean ascending
node of the lunar orbit on the ecliptic, measured from the mean equinox of date.
The inclination of the mean lunar equator to the ecliptic will be denoted by I, or
by I, when the latter, more detailed symbol is called for. The ascending node
of the mean lunar equator on the ecliptic is at the descending node of the mean
lunar orbit, i.e., at (g (t) +180°. Then, in terms of (3—49) through (3-52), and

{(3-56), we have:

Upew () = €080 (£)U;coy (£) + Sin0G (1) Uyeqy (1) (3-57)
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Usey (V) 7 SinIEscw(t) X Uiay (8) + cosTu . .(t), (3-58)

Ysem (V) Usem () x Uygy (1) - (3-59)

The prime meridian of the moon is defined to be on the direction toward the
earth when the moon is simultaneously at its mean longitude and its mean as-
cending node. The mean angular distance of the prime meridian of the moon

from the descending node of the mean lunar equator is then given by,

Pe (t) = 180° + e(t) - Qg (t) , (3-60)

in terms of (3-55) and (3-56).
A coordinate system associated with the mean lunar equator and the mean
position of the prime meridian of the moon can be defined in the following way

in terms of (3-57) through (3-60).

Miemp (1) 7 €08pg (1) U6y (1) + sinpg (1) JU,q (1), (3-61)
Waeme (1) = 7 sinpg (t) U qy () *+ cospg () Uyqy (), (3-62)
Waempy (1) 7 JUzen (B) - (3-63)

The inclination of the true lunar equator to the ecliptic is specified as

follows:

I (t) = I, +p(t) = I+ p(t) . (3-64)

The descending node of the true lunar equator on the ecliptic is given by

g (t) + o(t) . (3-65)
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The angular distance from the descending node of the true lunar equator on the

ecliptic to the true position of the prime meridian of the moon is given by

pg (t) + T(t) = o(t) . (3-66)

Expressions for the functions p(t), o(t), and T(t), are due to Hayn. (Cf.
References 3 and 4.)
Coordinate systems associated with the true equator of the moon can then

be defined in the following way

Mg (8) = cos [0 (£) ()] LU, ey (1)

- sin [Q@(t) +o(t)] LUycen (E) »  (3-67)

WMaer (V) sin I (t) [vy—3C®M (t)x Uer (t)]

+ cos L (t) Ujcom (V) (3-68)

waer (1) Waer (1) X JUer o (3-69)

in terms of (3-49) through (3-52), (3-56), (3-64) and (3-65). Then, in terms of
(3-66) through (3~69), we define a coordinate system, u ;ers (t), on the basis of
the true lunar equator and a reference direction referred to as the lunar space

equinox:

Whers (1) = cos [T(t) ~o(t)] Ju or (1)

+ sin [T(t)—cr(t)] Moer (V) (3-170)
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Maers (1) = = sin [T(t) =o(t)] ,u,¢r ()

+ cos [T(t) - o(t)] Lu,qr (1) (3-71)

WMagrs (V) 5 JUjer () - (3-72)

A coordinate system, u ieTp (B associated with the moon itself, i.e., with
its true equator and the true position of its prime meridian can then be defined

simply in the following manner in terms of (3-60) and (3-70) through (3-72):

Mierp (1) 7 €0spg(t) Userg (t) Fsinpg () WYyars (L) (3-73)
WMagrp (V) T 7 sinpg () U, 0r5 (1) + cospg () Uyarg (1) (3-74)
Maerp (1) 7 LUsers (B) - (3-175)

A rotating coordinate system,

Yierey (1) > (3-76)
is then defined in terms of the corresponding inertially oriented coordinate
system,

Y;eTp (t)

in a manner which is entirely analogous to the definition of

YieT(q) (t)

in terms of the coordinate system

Yie1e (£)
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which was made in the discussion in connection with (2-6) and'(2—7). The ro-
tation of the coordinate system, u, .. oy (t) with respect to the coordinate

system, u, etp (th is specified, analogously, by means of the vector,

we () (3-77)

which is on the instantaneous axis of rotation of the moon, its direction being
related to the instantaneous sense of rotation by the rule of the right-hand screw,
and its magnitude being equal to the instantaneous rate of rotation of the moon. |

The magnitude of this rate of rotation can be expressed as follows:

we (8) = lag ()]

e(t) - p(t) . (3-78)

where we derive
e(t)
from (3-55), and make use of the relation:
p(t) B 5072564 + 070222 T, (t) , (3-79)

which specifies the annual general precession in longitude in terms of the quantity

(2-53).
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IV. APPLICATIONS
It is convenient for many purposes involving lunar applications to employ

the coordinate system,

Migrs () (4-1)
defined in (3-70) through (3-72), which we associate with an appropriately chosen
epoch, t ;2 Say.

The procedures involved in its use can then be indicated in the following

way.

A. Vectors Associated With the Earth

We transform vectors
oL (1) (4-2)

and their time derivatives,
ol (o) () (4-3)

which are represented, respectively, in the following ways, in accordance with
the discussion associated with (2-28) through (2~30), in terms of an earth-fixed,

rotating coordinate system,

“@HieT(G) (t)- @g(t)H ’ (4-4)

and

”@‘—Jier(c) (t)- qgi(e) (t)“ ’ (4-5)
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to the correspondjng vectors,

ef(t) . and  ar(t) (4-6)

respectively, which are represented as follows in accordance with the discussion
associated with (2-39) through (2-41) and (2-44) through (2-47) and (3-70) through
(3-72) in terms of the inertially oriented lunar coordinate system which we have

selected:

esiers (82) 7 =] 4ot
and
HCEiCTS(tz)' .i_(t)H (4-8)

We carry out this transformation by means of the following sequence of steps.

We have, from (2-28) and (2-33)

|atiare (0 o2 = [lattiorcsy () wxct)] - (4-9)
Ne#i@m (t)- @i(t)“ - H@L—‘iar(c)(t)' ei(es)(t)“
* He#iearc(t)' [QQ(t)X@E(t)]” ) (4-10)

We have, then, from (3-42) and (3-43)

. (4-11)

”e&‘%‘el‘s(t) ) eﬁ(t)“ - “@‘ijms(t) " oierg (T)] %

eigra (1) eﬁ(t)”

X

”egjea'rs(t) ’ ai(t)” B H@Ejers (t) " gUigre (1) oYieTg (1)~ @'L(t)“ " (4-12)
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We then employ the following transformation which is discussed further below in

connection with the relation (4-32):

X

H@l—'l-j@TS (t,) ei(t)H - “e‘ijms ()" eUigrs (O[Ix|le¥iors (t) Q}E(t)H " (4-13)

X

HG#jCTS (t,) @i(t)H - \l ofiers (t1) " oiors (V]| % |loUiors () ° ei(t)H " (4-14)

We have, then, from (2~41):

chgicrs (tl) ' ci(t)H - Ii@gims (tl) ) el(t)H - ”eagi@TS (t1) ’ Q(t)H * (4-15)

and, from (2-47),

H@Ei@TS (tl) ) ci(t)“ - ”@Ei@TS (t1) ) @_'r_(t)H - He;‘—’i@'rs (t1) ) Q'(t)” " (4-16)

B. Vectors Associated With the Moon

We then transform vectors

() (4-17)

and their time derivatives,

@i(@) (t) ’ (4_18)

which are represented, respectively, in the following ways, in accordance with
the discussion associated with (2-39), (2-44) and (3~76), in terms of a lunar-

fixed, rotating coordinate system,

Hccﬂacmp) (t)- @L(t)H ’ (4-19)
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- V".'T:’-g;—u"- W"—v T T T m— - —_— .

and

”CHi@T(p) (t)- e.il(@) (t)” ' (4-20)
to the corresponding vectors,
ef(t) , and  or(t) , 4-21)

respectively, which are represented as follows, in accordance with the discussion
associated with (3-70) through (3-72), in terms of our inertially oriented lunar

coordinate system:

H@Ei@’rs (tl)' ci(t)“ . (4-22)

and

H cYiers (t,)" ci(t)” ) (4-23)

We carry out this transformation by means of the following sequence of steps.

We have, from (2-28), (2-33), and (3-73) through (3-76),

“cﬂicyp<t>' e£<t>H = Heui@1@>(t)~ @;<t>H : (4-24)
“QEi@Tr’ () @i(t)“ - ”cﬂ&er(p) (t)* oL (t)”+ “cEicc'rp ONEYOR @E(t)]“ )
(4~25)

We have, from (3~73) through (3-75),

X

eiore (8) * ox(t)]] - (4-26)

ety ers (6 x| = [letyers () * etiers (O

H(CEJ'CBTS ()~ «:i(t)” - H@Emm (1) " Mierp (t)llx H@Eimp (t) ¢i(t)H “(4-27)
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We then employ the following transformation which is discussed further below in

connection with the relation (4-34):

H@gj@Ts (1) - ci(t)H ) H@Ej(st (1) " eiers (O] x fleiers (£) - cl(t)” '(3-28)
and
Hc—‘ims (t,) e—.‘-(t)” - Hcl“—j(z:rs (1) " ciers (O] % leiers (£) c_ii(t)“ "(4-29)

It is convenient, in certain cases, to organize the calculations in the following
way.
We consider the following product matrix which is formed on the basis of

(3-49) through (3-52) and (3-67) through (3-72):

“E’ﬁ@'l‘s(t).giem(t)” - H%(crs (t)'Ek@T(t)H

X

Yeer (1) " Yjcon (t)“ x ngcw (t) " Y on (t)H T (4-30)
We note that, in view of the orthogonality relationships which are satisfied,

-1
X

-1
X

H:g,{(m(t) ) Eiem(t)H—I: ”EjCeM(t) " Uieu(t) Woers(E) Ll_km-(t)“-l

Yeer(t) HjCeM(t)

1
X

1

1 1
x || Wers (1) " Yyeer (t)”

| com (6 " 8o O % [lteer (8 * 0, con (6)

“‘—’fﬂe'rs (1) " Yjem (t)“l ’ (4-31)

We then form the product matrix

Hl—%crs (tl) "Yie7s (t)H - H-%@TS (tl) " Ykem (tl)H

|| Yiers (1) " Yjen (t)“—l T (4-32)

Yeom (tl) "Yiem (B
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on the basis of (3-1) through (3-14), (3-36) and (4-30). We also write

H‘—‘/ﬁms (tx) ’ Eiers(t)“ - “E’ECCTS (tl) ) EkeaM(tl)H

2

X || Yk om (tl).EjeM(t)“X“-gieaTS(t).EjesM(t)Hl, (4-33)

on the basis of the discussion associated with (3-36). We also form the product

matrix:

”L‘fﬁms (tl) " Yets (t)” - HE&CTS (tl) " Hiem (tl)“

X X

-1
gkeM(tl)'ij(t) gicTs(t)'gjw(t)H T (4-34)

on the basis of (3-1) through (3-14), (4-30) and (4-31). We note also that
“‘—’/Ecrs (1) Yiers (t)” - I'H/ﬂms (ty) " Yyou (t1)H

X X

1
Yy om (tl) T Uy () Uiers (1) " Y; 4y (t)ll ' (4-35)

on the basis of (4-31). We note again that, in view of the various orthogonality

relationships which are satisfied, we have

H%crs (tl) ) Eiers(t)‘{-l - HgieTS ()~ y—jeM(t)”

-1
X

-1
Wers (1) " Yion (tl)‘l ' (4-36)

X ”EkeM (ty)- Y, em(t)’

from (4-32), and

“%ccrs (t1)'9ims(t)”-1 - lEiers(t)'y—jeM(t)“

1
X

-1

X 1Yk em (tl) "YU em (T) Wers (t1) " Urom (tl)”
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- Hl’fiers (t) " Ujen (t)”

1
x HEkeM (t1) " Yjem (t)H x “%(DTS (ty) " Yom (tl)” e

on the basis of (3-14) and (4-31), respectively. Hence,

”L‘fﬂcrs (tl) " Y ets (t)”—l = H%ms (t1) ’ Eiers(t)“ o

from (4-36) and (4-37). We also have, similarly,

H%crs (t1) " Yiers (t)“-l = ‘\%@Ts (t) " y; eM(t,)”

-1

X “Ekem (tl) "Yienm (t)“_l x Hg/ﬁers (tl) " Yyem (t1)H

= HE/E«:TS (t) "y, @M(t)u

1

Uow (t,) YoM ("-)Hl x H%crs (tl) " Ygom (tl)H ’

i

from (3-14) and (4-31), and, hence,

“%GTS (t1) “Yiers (t)H-l B HE/ECTS (tl) ) Eicr:'rs(t)“ b

from (4-39). We also utilize the product matrix

X

“Ek@Ts (t1) " Yien (ts)H = Hﬂkcrs (t,) YoM (t,)

YoM (tl) " Yiem (

(4-37)

(4-38)

(4-39)

(4-40)

es)]

(4-41)

which is written on the basis of the relations (3-1) through (3-14), and (4~30):
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C. Combination and Representation of Vectors and Transformyations

In certain cases it is convenient to form and store representations of the

matrices

“%m‘s (to )" Weors (t;) ’ ' (4-42)

for i=1,2,°++n,and

H‘—%«:Ts (to) " Yyers (t:)” ’ (4-43)
for j = 1, 2, * * *, m, which were specified in the relations (4-32) and (4-34),
respectively.
Here, t, denotes the epoch of the reference coordinate system and, typically,
t, = oty ti(Atg,), (4-44)

where i = £1, 2, * * *, £p, and

t, = t, + i(aty), (4-45)

where j = +1, 42, + + «, £q, and Otg denotes a time interval associated with a
polynomial representation of the precession and nutation of the moon, and At
denotes a time interval associated with a polynomial representation of the preces~

sions and nutations of the earth and the moon.

We employ, also, the transformation

H o eTs (t.) - @(t)” - ”@‘—’jms (te) " oliou (ts)H

Sy (t5) 2]+ @-a6)

X
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which utilizes the matrix specified in the relation (4-41). In certain cases it is

convenient to form and store representations of the matrices

”esgjc'rs (t.)" e(t,) ‘ ' 4-47)

for i = 1, 2, » + », n, which are obtained by means of the relation (4-46).
Here, again, t, denotes the epoch of the coordinate system, and typically,
t, = t, +i(ot) (4-48)
where i = 1,2, - - -, m, and A\ denotes a time int_erval associated with a poly-

nomial representation of the position and velocity of the moon.

V. REFERENCES
1. Explanatory Supplement to the Astronomical Ephemersis and the American
Ephemeris and Nautical Almanac, Prepared Jointly by the United Kingdom

and the United States of America, Loondon, 1961,
2. Brown, E. W., Tables of the Motion of the Moon; New Haven, 1919.
3. Hayn, F., Astr. Nach., 199, 261, 1914.

4, Hayn, F., Astr. Nach., 211, 311, 1920.

January, 1968

39



